
Vis Comput (2014) 30:1077–1091
DOI 10.1007/s00371-013-0779-3

O R I G I NA L A RT I C L E

Progressive 3D mesh compression using MOG-based Bayesian
entropy coding and gradual prediction

Dae-Youn Lee · Sanghoon Sull · Chang-Su Kim

Published online: 1 March 2013
© Springer-Verlag Berlin Heidelberg 2013

Abstract A progressive 3D triangular mesh compression
algorithm built on the MOG-based Bayesian entropy coding
and the gradual prediction scheme is proposed in this work.
For connectivity coding, we employ MOG models to esti-
mate the posterior probabilities of topology symbols given
vertex geometries. Then, we encode the topology symbols
using an arithmetic coder with different contexts, which de-
pend on the posterior probabilities. For geometry coding, we
propose the gradual prediction labeling and the dual-ring
prediction to divide vertices into groups and predict later
groups more efficiently using the information in already en-
coded groups. Simulation results demonstrate that the pro-
posed algorithm provides significantly better performance
than the conventional wavemesh coder, with the average bit
rate reduction of about 16.9 %.

Keywords Triangular mesh · 3D mesh compression ·
Predictive coding · Progressive coding · Mixture of
Gaussian model · Context-based arithmetic coding

1 Introduction

With advances in the Internet and photorealistic graphics
technologies, 3D mesh compression has received much at-
tention for efficient storage and transmission of mesh mod-
els. A triangular mesh consists of topology as well as geom-
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etry data. The connectivity data characterize the topology or
connectivity information among vertices, while the geom-
etry data describe vertex positions. 3D mesh compression
techniques can be categorized into single rate coders and
progressive coders, according to their decoding strategies.
Whereas a single rate decoder should read a whole bitstream
to reconstruct a mesh model, a progressive decoder can re-
construct a simplified mesh from a part of a bitstream and
refine the mesh gradually as it receives the remaining bits.

Early 3D mesh coding researches focused on the single
rate coding to maximize compression performance. A typ-
ical single rate coder encodes the connectivity of a mesh
by traversing the mesh and generating symbols that are re-
quired to reproduce the traversal. Deering [8] introduced
the triangle strip representation with a vertex queue. Taubin
and Rossignac [23] represented a mesh with a vertex span-
ning tree and a triangle spanning tree. Their algorithm first
obtains a vertex spanning tree and, by cutting through the
vertex spanning tree, constructs a set of simply connected
triangles. Then, it generates a triangle spanning tree from
the simply connected triangles, yielding the dual graph
representation. Rossignac [20] proposed a face-based con-
quest algorithm, called the edgebreaker. Through theoret-
ical analysis, a worst-case bound of the connectivity cod-
ing bit rate was derived, which is 4 bits per vertex (bpv).
Touma and Gotsman [24] proposed a valence-driven algo-
rithm, which achieves more efficient compression than face-
based approaches. Alliez and Desbrun [4] further improved
the Touma and Gotsman’s algorithm by reducing the num-
ber of split codes.

Recently, with the widespread use of the Internet, the
progressive coding has drawn more attention than the sin-
gle rate coding. A progressive coder decomposes a mesh
into a base mesh and a sequence of refinement operations.
There are connectivity-driven algorithms [1, 3, 10, 14, 15,
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Fig. 1 A block diagram of the
proposed algorithm

17, 27] and geometry-driven algorithms [9, 18, 19, 25].
While connectivity-driven algorithms first encode connec-
tivity data and then use them to encode geometry data,
geometry-driven algorithms proceed in the opposite way.

Various connectivity-driven algorithms have been pro-
posed. Hoppe [10] first proposed the progressive mesh
(PM), which simplifies a mesh using edge collapse oper-
ations. Pajarola and Rossignac [17] improved PM by en-
coding vertex split operations in batches. Alliez and Des-
brun [3] developed the valence-driven connectivity coding,
which simplifies a mesh based on the vertex decimation and
encodes the vertex valences. Also, Ahn et al. [1] improved
the Alliez and Desbrun’s algorithm by changing the traver-
sal order to increase the number of valence-3 vertices after
the decimating conquest. Valette and Prost [27] proposed the
wavemesh algorithm, which represents an irregular mesh hi-
erarchically based on the wavelet decomposition and com-
presses a sequence of reconstruction operations. Recently,
Lee et al. [14, 15] proposed a rate-distortion optimization
(RDO) algorithm, which determines the quantization preci-
sion adaptively to improve the compression performance.

In contrast to the connectivity-driven algorithms, Gan-
doin and Devillers [9] proposed a geometry-driven mesh
coding algorithm using the KD-tree subdivision. Peng and
Kuo [19] also proposed a similar algorithm using the oc-
tree subdivision instead of the KD-tree subdivision. Valette
et al. [25] developed the incremental parametric refinement
coding to reconstruct visually pleasing meshes at low bit
rates. Starting from a coarse version of a mesh, their algo-
rithm predicts refinement locations and performs the uni-
form triangulation using local Delaunay operations. Also,
Peng et al. [18] employed the iterative vertex set split
scheme with the generalized Lloyd algorithm to optimize
the qualities of intermediate meshes.

Since the amount of geometry data is generally larger
than that of connectivity data, geometry data reduction is
more effective for improving the overall compression per-
formance. Many 3D mesh coders predict vertex positions
using the information in processed vertices. The Alliez and
Desbrun’s (AD) coder [3] employs the barycentric predic-
tion, which predicts the position of a vertex from the aver-
age position of adjacent vertices. The advanced AD (AAD)
coder [1] exploits the curvature of a mesh surface to improve

the prediction accuracy. The Courbet and Hudelot’s algo-
rithm [7] employs the Taylor expansion of a mesh geometry
function to determine prediction weights. The RDO algo-
rithm [14, 15] uses a discrete bijection for geometry coding.
The wavemesh algorithm [27] employs the lifting-based ge-
ometry approximation. Moreover, the Karni and Gotsman’s
spectral geometry coder [11] projects geometry data onto or-
thonormal basis vectors, which are derived from the Lapla-
cian matrix. The Ahn et al.’s algorithm in [2] compresses
vertex positions by transforming them into Karhunen–Loéve
transform (KLT) coefficients and encoding those coeffi-
cients with a bit-plane coder.

In general, one can achieve higher compression perfor-
mance, as data symbols have a more skewed distribution of
probabilities. For text compression, Cleary and Witten [6]
estimated the probability of alphabet letters using multi-
ple contexts to achieve compact compression. Similarly, the
Peng and Kuo’s algorithm [19] improves the compression
performance using symbol priorities, which are determined
by pseudo-probability values. Specifically, for both con-
nectivity and geometry coding, their algorithm calculates
pseudo-probability values of symbols, and reorders symbol
indices according to those values. Also, the Bayesian AD
coder [12] changes symbol indices using the face regularity
condition and the level-wise frequencies of symbols.

In this work, we propose a connectivity-driven progres-
sive compression algorithm for 3D triangular meshes. Fig-
ure 1 shows an overview of the proposed algorithm. To en-
code an input mesh progressively, we decompose the mesh
data using the wavemesh simplification scheme [27], which
divides the mesh into a base mesh M0 and several refine-
ment layers Lj . Then, we predictively encode the connec-
tivity and geometry data of each layer Lj . For connectiv-
ity coding, in the hierarchical skipping, we partition faces
into segments and use a 1-bit flag to inform the decoder
of the regular subdivision in each segment. Then, we pre-
dict the connectivity data by employing mixture of Gaus-
sian (MOG) probability models, and encode the connectivity
symbols with different contexts according to their probabil-
ity values. For geometry coding, in the gradual prediction
labeling, we divide the vertices into three groups and deter-
mine their processing orders. To precisely predict vertex po-
sitions, we employ the dual-ring prediction [13]. Then, we
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project the prediction residuals onto local coordinate axes
and encode them using a bit-plane coder. Simulation results
demonstrate that the proposed algorithm provides signifi-
cantly better rate-distortion performance than conventional
algorithms [1, 15, 27].

The rest of this paper is organized as follows. Section 2
reviews the conventional wavemesh algorithm. Sections 3
and 4 propose the connectivity and the geometry coding
techniques, respectively. Section 5 discusses simulation re-
sults. Finally, we conclude this paper in Sect. 6.

2 Conventional wavemesh algorithm

For completeness, let us briefly review the wavemesh algo-
rithm [26–28], on which the proposed algorithm is based.

The wavemesh simplifies an input mesh iteratively to ob-
tain the hierarchical representation. In each simplification
step, a mesh Mj at level j is decomposed into a simplified
mesh Mj−1 and refinement operations. Then, the refinement
operations are entropy-coded. For the mesh simplification, a
face merging scheme is employed. The scheme starts with
selected faces, merges them into one face according to one
of the predefined merging patterns [26], and then traverses
around the merged face. During the simplification, vertices
are labeled as parents or children. After the face merging,
parents remain but children are removed.

As shown in Fig. 2, the decoder requires three types of
data to reconstruct a mesh. First, for each edge of a sim-
plified mesh, 1 bit is required to indicate whether a new
vertex is created or not. Second, when a face is subdivided
into three faces, 1 bit is required to indicate the direction
of the face reconstruction. Third, the data on the existence

Fig. 2 For the connectivity information, three data types are encoded:
vertex creation, face direction, and edge flip

and type of edge flips are required. Edge flips are introduced
to solve abnormal cases, when faces do not match the pre-
defined merging patterns and hence cannot be merged. For
each data type, the wavemesh employs a single context for
the binary arithmetic coding [16, 21].

Valette et al. [28] improved the connectivity coding of the
wavemesh algorithm. A seed group of four faces, which are
to be merged first, is selected based on two criteria: faces
should match the 1-to-4 case, and one of its corners should
have a valence different from six. From the seed group, the
authors choose a seed face and grow the region by merging
neighboring faces, which match the 1-to-4 case. When the
region becomes not expandable, the region growing restarts
with another seed face. Based on the seed group selection,
the simplification becomes more efficient. Also, using a 1-
bit flag for each refinement layer, Valette et al. [28] inform
the decoder of the case of regular subdivision connectivity,
in which all faces are subdivided into four faces.

The wavemesh employs a simple geometry prediction
scheme. Let xj denote the position vector of the j th re-
moved vertex. The prediction residual rj is given by

rj = xj − xj,0 + xj,1

2
, (1)

where xj,0 and xj,1 are the position vectors of the parent ver-
tices of xj . Also, the wavemesh algorithm uses the lifting-
based geometry approximation to reduce the distortions of
intermediate meshes at coarse levels.

3 Connectivity compression

We divide a mesh into a base mesh and several refinement
layers using the wavemesh simplification [27]. At each re-
finement layer, we use an MOG model to estimate the proba-
bilities of vertex creation, face direction, and edge flip sym-
bols. We divide the symbols into several groups according
to their estimated probabilities. Then, we assign a context to
each group and encode the symbols by employing a context-
based arithmetic coder [21]. Through the probability estima-
tion and the separate encoding of each group, we can achieve
high compression performance.

To improve the compression performance further, we
also propose a hierarchical skipping method. First, we em-
ploy the skipping method in [28] to encode the regular sub-
division of each refinement layer with a 1-bit flag. Further-
more, when a refinement layer is irregularly subdivided, we
partition the layer into multiple segments and use a 1-bit skip
flag to indicate the regular subdivision of each segment.

3.1 Vertex creation

We use edge lengths to encode vertex creation symbols ef-
ficiently, as shown in Fig. 3. In a typical mesh with many
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Fig. 3 For the context selection, we use edge lengths and angles: di ’s
for the vertex creation, dL and dR for the edge flip, and angles α and β

for the face direction

vertices and edges, faces tend to have regular sizes and two
neighboring faces tend to have similar edge lengths. Certain
3D mesh models, however, have irregular face sizes. Also,
especially in a simplified mesh, face sizes vary, since some
edges are removed but the others remain. Thus, merged
faces have dissimilar edge lengths. For example, in Fig. 3,
a regular mesh is simplified into an irregular mesh with dis-
similar edge lengths d1, d2, and d3. In the refinement, ver-
tices are created on the edges with lengths d1 and d2, but
not on the edge with length d3. This indicates that a vertex
is more likely created on a longer edge. Therefore, given an
edge length, we estimate the probability of the creation of a
new vertex and exploit the information in the context-based
arithmetic coding.

We compare the posterior probabilities of vertex creation
symbols given an edge length. From the Bayesian theorem,
the posterior probability is given by

P(si | xi = di) = P(xi = di | si)P (si)

P (xi)
, (2)

where si and xi denote the vertex creation symbol and the
length of the ith edge, respectively; si = 1 when a vertex
is created, and si = 0 otherwise. In (2), we estimate the
posterior probability from the likelihood P(xi = di |si) and
the prior probability P(si). Since vertex creation symbols
are unknown in the decoder, we approximate the likelihood
function P(xi = di | si) using an MOG model that is trained
online from already encoded data in the refinement layer.
The MOG model is given by

P(xi |si) =
K∑

k=1

wk,i√
2πσ 2

k,i

exp

(
− (xi − μk,i)

2

2σ 2
k,i

)
, (3)

where K is the number of Gaussian components, and wk,i ,
μk,i , and σk,i denote the weighting coefficient, the mean,
and the standard deviation of the kth Gaussian, respectively.

To reduce the computational complexity of the decoder,
we employ the on-line approximation scheme in [22] in-
stead of the typical MOG estimation algorithm, i.e. the
expectation-maximization algorithm. At each layer, for
each k, μk,1 and σk,1 are set to predetermined initial val-
ues. Then, after encoding the vertex creation symbol of ith
edge, the MOG is iteratively updated by

μk,i+1 = (1 − γ )μk,i + γ xi,

wk,i+1 = (1 − ρ)wk,i + ρMk,i, (4)

σ 2
k,i+1 = (1 − ρ)σ 2

k,i + ρ(xi − μk,i)
2,

where Mk,i is 1 when xi is within 2.5 standard deviations of
the kth Gaussian distribution, and 0 otherwise. In this work,
we set the learning rates γ and ρ to 0.01 and 0.002, respec-
tively. Also, we set the number K of Gaussian components
to 5. However, to estimate a more reliable MOG model, we
suppress some of the Gaussian components based on their
weights and standard deviations, as done in [22]. Thus, the
actual number of Gaussian components varies from 1 to 5.

Figure 4 shows exemplar likelihood functions of two data
symbols s = 0 and s = 1. We see that the average length is
longer in the case of vertex creation s = 1. Moreover, notice
that, as an intermediate mesh Mj at level j is simplified to
Mj−1 at the lower level j − 1, the average length increases
as in Fig. 4(a), (b), and (c).

We also estimate the prior probability by

P(si = 0) = n0

n0 + n1
and P(si = 1) = n1

n0 + n1
,

where n0 and n1 represent the numbers of 0 and 1 symbol
occurrences in the refinement layer, respectively.

After estimating the posterior probabilities P(si = 0 |
xi = di) and P(si = 1 | xi = di), we define the vertex cre-
ation context

cvertex(di) = n if δn ≤ P(si = 1 | xi = di)

P (si = 0 | xi = di)
< δn+1. (5)

We use 10 contexts for vertex creation symbols and set
	 = {δn : 0 ≤ n < 11} experimentally to {0,0.00043,0.087,

0.176,0.429,1,2.33,5.67,11.5,24,∞}. Note that the arith-
metic coding becomes more adaptive, as more contexts are
used. However, if too many contexts are employed, each
context cannot be trained reliably with a sufficient number
of samples. Thus, there is a trade-off between the adaptivity
and the training reliability. Figure 5 shows the average bit
rate for connectivity data according to the number of con-
texts. Notice that the bit rate is minimized when about 8∼10
contexts are used. Therefore, 10 contexts are used for vertex
creation symbols in this work.
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Fig. 4 The likelihood functions of vertex creation symbols of the
“Mannequin” model, which has 15 refinement layers. We plot the es-
timated MOG models at the end of the coding process of intermediate
meshes (a) M14, (b) M12, and (c) M11, respectively

To demonstrate the effectiveness of the context selec-
tion algorithm, we compute the entropy of a vertex creation
symbol. Table 1 compares the entropies of the ‘no context’
scheme and the proposed algorithm on several mesh models.
For each context c at layer j , we first evaluate the probabil-
ity density function Pc,j (s) of the symbol s and then the
corresponding entropy, given by

Hc,j = −
1∑

b=0

Pc,j (s = b) logPc,j (s = b). (6)

Then, we define the average entropy as

E =
∑

j

∑

c

ηc,jHc,j , (7)

Fig. 5 The average connectivity bit rate (bits per vertex) on the test
models in Fig. 11, according to the number of contexts for vertex cre-
ation symbols

Table 1 Comparison of the entropies of a vertex creation symbol (bits
per symbol) for the ‘no context’ scheme (A) and the proposed context
selection algorithm (B). The gain is defined as A−B

A
× 100

Model No context (A) Proposed (B) Gain (%)

Neptune 0.92 0.77 16.7

Ramesses 0.87 0.7 19.1

Eros 0.85 0.66 22.5

China Dragon 0.9 0.67 25.5

Tiger 0.95 0.71 25.2

Nefertiti 0.52 0.27 48.3

Fandisk 0.95 0.66 30.5

Venus 0.72 0.61 15.3

Mannequin 0.42 0.4 3.4

Dinosaur 0.88 0.78 12.2

Horse 0.88 0.68 22.7

Max Planck 0.89 0.75 16.3

Bunny 0.94 0.66 30.4

Feline 0.85 0.69 18.3

Rabbit 0.94 0.66 30.2

Iris 0.91 0.7 22.9

Fertility 0.93 0.73 22.2

Armadillo 0.95 0.59 38.2

Balljoint 0.93 0.67 28.1

Screwdriver 0.95 0.64 32.7

Hand 0.96 0.52 45.3

Average 0.86 0.64 25.1

where ηc,j is the probability of using the context c at level j .
Note that the proposed context selection algorithm reduces
the entropy by 25.1 % on average, which leads to better com-
pression performance.



1082 D.-Y. Lee et al.

3.2 Edge flip

For the entropy coding of edge flips, we also select contexts
using edge lengths. As shown in Fig. 2, an edge flip is de-
scribed by two bit flags: existence and direction. We first
introduce the flip symbol t , which is 1 when the edge flip
exists, and 0 otherwise. In Sect. 3.1, we have explained how
edge lengths change during the simplification. Similarly, we
assume regular face characteristics before the simplification.
In Fig. 3, regular faces have similar edge lengths before the
edge flip. But, after the edge flip, the left edge L or the right
edge R has an irregular edge length dL or dR , respectively.
Therefore, in the same way as we compute the posterior
probability P(si | xi = di) in (2) using the MOG model,
we estimate the posterior probabilities P(t | xL = dL) and
P(t | xR = dR) that an edge flip happens given the left edge
length dL and the right edge length dR , respectively. Then,
we select two contexts for the edge flip existence, given by

cedge_e(dL, dR) =
⎧
⎨

⎩

1 if P(t = 1 | xL = dL) ≥ 0.5
or P(t = 1 | xR = dR) ≥ 0.5,

0 otherwise.
(8)

In other words, if at least one of the two edges L and R

indicates that the edge flip existence is more likely than the
non-existence, we use the context cedge_e = 1. Otherwise,
we use the context cedge_e = 0.

In the example in Fig. 3, the left edge length dL indi-
cates a higher probability of edge flip than the right edge
length dR . Thus, if the edge flip occurs, we compare the two
likelihood functions P(xL = dL | t = 1) and P(xR = dR |
t = 1), which represent the probabilities of the left and the
right lengths when the edge flips. Then, we use two contexts
for the edge flip direction, given by

cedge_d(dL, dR) = 1 (9)

if P(xL = dL | t = 1) ≥ P(xR = dR | t = 1), and

cedge_d(dL, dR) = 0 (10)

otherwise.

3.3 Face direction

For the entropy coding of face direction symbols in the 1-
to-3 face subdivision case, which is illustrated in Fig. 2, we
choose a context using two internal angles. Since an edge
is created between a child vertex and a parent vertex in this
case, the edge length is unknown until the geometry data
at the current refinement level are decoded. Therefore, we
employ internal angles instead of edge lengths. In Fig. 3,
∠α and ∠β denote the internal angles of parent vertices,

which are the candidates for the edge connection. The face
direction context is defined as

cface(α,β)

=
{

0 if P(θ = ∠α | f = 1) ≥ P(θ = ∠β | f = 1)

1 otherwise,
(11)

where P(θ |f ) is the likelihood function that represents the
distribution of an internal angle θ given an edge creation
variable f . The variable f equals 1 when an edge is created,
and it is equal to 0 otherwise. We estimate the likelihood
function P(θ | f ) using an MOG model in the same way as
we compute P(xi | si) in (3).

To summarize, we use 10 contexts for the vertex creation,
2 contexts for the edge flip existence, 2 contexts for the edge
flip direction, and 2 contexts for the face direction.

3.4 Hierarchical skipping

We improve the connectivity coding performance by em-
ploying a 1-bit flag to indicate the regular subdivision of
each segmented region in each layer.

First, we transmit a 1-bit to represent whether each layer
is regularly subdivided or not. If the layer is regularly sub-
divided, its connectivity coding is unnecessary. On the other
hand, if it is irregularly subdivided, we segment the corre-
sponding intermediate mesh using the normalized area of
each triangular face [12], given by

A = √
κ(κ − a)(κ − b)(κ − c), (12)

where a, b, and c denote the three side lengths of the face,
divided by the perimeter, and κ = (a+b+c)

2 . Note that, given
a fixed perimeter, a triangle has the biggest area when it
is equilateral. Thus, a triangle is more similar to a equilat-
eral one, when its normalized area A is bigger. Through the
segmentation, faces are grouped into partitions according to
their normalized areas A. We exploit the fact that, as A be-
comes bigger, the triangular face is more likely to be reg-
ularly subdivided. For each partition, we transmit a 1-bit to
inform whether all faces in the partition are regularly divided
into 4 faces or not. If all faces are regularly subdivided, all
vertex creation symbols have the same value and edge flip
symbols and face direction symbols are unnecessary. There-
fore, we can improve connectivity coding performance by
skipping the encoding of the regularly subdivided faces. If
the partition is irregular, we encode the connectivity data
based on the wavemesh coder.

The segmentation is performed as follows. We initially
start with one partition. We check the number of faces in a
partition. When the number is larger than a threshold, the
faces in the partition are divided into two smaller partitions
according to A’s. This process is repeated until the number
of faces in each partition is below the threshold.
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Fig. 6 Illustration of the hierarchical skipping on the “Mannequin”
model. A coarse mesh in (a) is refined to the finer mesh in (b). In (a),
triangles of the same color or the same gray level depict a segment.
Only the green partition and the red partition are regularly subdivided

Figure 6(a) shows an example of the segmentation result,
in which triangles of the same color or the same gray level
depict a partition. In this example, the green partition and the
red partition are composed of triangles with large A’s and
they are regularly subdivided as shown in Fig. 6(b). Thus,
their connectivity data are skipped using 1-bit flags. On the
contrary, the other gray segments are irregularly subdivided
and their connectivity data are encoded.

4 Geometry compression

Whereas the wavemesh encodes refinement layers in a
bottom-up manner, we encode them in a top-down man-
ner. In the wavemesh encoder, the geometry data of an input
mesh with jmax refinement layers are processed from the
finest level (jmax − 1) to the coarsest level 0. In such a case,
it is impossible to use a local coordinate system, since quan-
tization errors at a certain level propagate to higher levels.
To avoid the error propagation, post-quantization is neces-

sary but it demands the transmission of extra data. To over-
come this issue, we encode from the base mesh M0 to the
finest mesh Mjmax−1. We first pre-quantize the base mesh
M0 and reconstruct its quantized version M̂0. Then, to en-
code the refinement layer Lj at level j , we carry out the pre-
diction using the information in the reconstructed M̂j−1 at
the lower level (j −1), quantize the prediction residuals, and
employ the quantized residuals to reconstruct the intermedi-
ate mesh M̂j . This is repeated from j = 1 to j = jmax − 1.
In this way, the decoder can avoid the drift effects and re-
construct the same mesh as the encoder does.

4.1 Gradual prediction labeling

At each level, the wavemesh in general decimates more ver-
tices than the AD coder [3]. Suppose that an input mesh
is regular. Let vj and fj denote the numbers of vertices
and faces in an intermediated mesh Mj , respectively. In the
wavemesh, since all faces match the 1-to-4 case, fj−1 =
fj/4. Therefore, the wavemesh reduces the vertex number
by 75 %. On the other hand, in the AD coder, a vertex is
removed from six faces. Since vj ≈ fj/2, it reduces the
vertex number by 33.3 % only. The aggressive decimation
of the wavemesh is useful for improving the connectivity
coding performance, but it makes it more difficult to predict
the geometric positions of vertices at level j from those at
level j − 1.

In this work, in order not to sacrifice the geometry coding
performance while maintaining the aggressive decimation of
the wavemesh, we divide new vertices at each refinement
layer into three groups and encode the vertex positions of
those groups successively. When predicting the positions of
a later group, we employ the positions of previous groups,
as well as those of lower levels. In Fig. 7, the index of each
vertex represents its group and prediction order. ‘0’ vertices
are parent ones. We use them to predict ‘1’ vertices. Since
we encode ‘1’ vertices before the others, we use ‘0’ and ‘1’
vertices to predict ‘2’ vertices. Similarly, we use ‘0,’ ‘1,’ and
‘2’ vertices to predict ‘3’ vertices. In this way, we can reduce
the prediction errors of later groups.

We propose a labeling algorithm to assign group labels as
evenly as possible, as illustrated in Fig. 7. First, we enclose
‘3’ vertices with ‘1’ and ‘2’ vertices to increase the predic-
tion efficiency on ‘3’ vertices. Second, we also attempt to
assign different labels to neighboring vertices. However, in
an irregular mesh, neighboring vertices may have the same
label ‘1’ or ‘2.’ To reduce such cases, we decide the label of
a vertex systematically using the labels of already processed
vertices.

Each child vertex in an intermediate mesh Mj , which
is to be removed in the simplification, corresponds to an
edge in the simplified mesh Mj−1. Therefore, the labeling
of child vertices in Mj is identical to the labeling of edges



1084 D.-Y. Lee et al.

Fig. 7 An example of the proposed labeling. ‘0’ vertices are parent
ones. The label ‘1,’ ‘2,’ or ‘3’ of a vertex represents the prediction
order of the vertex

Fig. 8 Notation for the gradual prediction scheme

in Mj−1. We refer to an edge between two parent vertices
as a gate g. Also, g.l denotes the label of g. As illustrated in
Fig. 8(a), the vertex labeling starts from an input gate gt and
proceeds to an unprocessed face, which is referred to as the
front face. The front face has two other gates: the left gate
gl and the right gate gr . As shown in Fig. 8(b), when gl or
gr has label ‘3,’ we proceed to that gate, denoted by g, and
label its left gate gl̄ and right gate gr̄ using the procedure
g.Conquer(), given by

procedure g.Conquer()

1: gl̄ .l ← 1;
2: gr̄ .l ← 2;
3: Q.Push(gl̄);
4: Q.Push(gr̄ );
5: g.FrontFace.NotProcessed ← 0.

When a gate gi is already labeled before, we maintain its la-
bel during the labeling process. A first-in-first-out queue, Q,

is maintained for traversing neighboring faces, as shown in
Fig. 8(c). More specifically, we push the gates surrounding
g into the queue Q and pop a gate out. Then, the labeling
process continues with the popped gate.

The following is the pseudo-code of the proposed label-
ing algorithm.

procedure GradualPredictionLabeling(Mj )

1: Input: An intermediate mesh Mj

2: Output: Gate labels g1.l, g2.l, . . . , gn.l

3: Initialization;
4: FIFO Queue Q;
5: Gate gt , ga ;
6: Set an initial gate ga ;
7: Q.Push(ga);
8: while Q.NotEmpty() do
9: gt ← Q.Pop();

10: if gt .FrontFace.NotProcessed then
11: if gl.NotProcessed and gl.hasChild

and gr .NotProcessed and gr .hasChild then
12: if gt .l == 2 then
13: gl.l ← 3;
14: gr .l ← 1;
15: gl.Conquer();
16: Q.Push(gr);
17: else % gt .l == 1
18: gl.l ← 2;
19: gr .l ← 3;
20: gr .Conquer();
21: Q.Push(gl);
22: end if
23: else if gl.NotProcessed and gl.hasChild then
24: gl.l ← 3;
25: gr .l ← 1;
26: gl.Conquer();
27: Q.Push(gr);
28: else if gr .NotProcessed and gr .hasChild then
29: gr .l ← 3;
30: gl.l ← 2;
31: gr .Conquer();
32: Q.Push(gl);
33: else
34: gl.l ← 1;
35: gr .l ← 2;
36: Q.Push(gl);
37: Q.Push(gr);
38: end if
39: gt .FrontFace.NotProcessed ← 0;
40: end if
41: end while

We start with an arbitrary gate ga , assign it label ‘1,’ and
push it into Q. Then, we pop out a gate gt from Q and check
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Fig. 9 An example of the labeling process, where yellow faces depict
processed regions

whether its front face is processed. When it is not processed,
we check whether the left gate gl and the right gate gr are la-
beled. If both the gates are not labeled yet and have children,
we determine their labels according to the label of gt . If ei-
ther gl or gr is not labeled and has a child, we assign label
‘3’ to the gate. Otherwise, gl = 1 and gr = 2. This process
is iterated until Q becomes empty.

For example, in Fig. 9, the labeling algorithm is to pro-
cess vertices ‘a’ and ‘b.’ Since the child vertex of the current
input gate gt has label ‘1,’ vertices ‘a’ and ‘b’ are assigned
labels ‘3’ and ‘2,’ respectively. Whenever a certain vertex is
assigned label ‘3,’ we also process its neighboring vertices
using the procedure g.Conquer(). Thus, after labeling ver-
tex ‘a,’ we assign label ‘1’ to vertex ‘c’ as well.

4.2 Dual-ring prediction

We use the dual-ring prediction to predict the position of
each vertex from those of neighboring vertices. The dual-
ring prediction was proposed in our previous work [13] to
be used with the Alliez and Desbrun’s connectivity coding
scheme. In this work, we adapt the dual-ring prediction for
the gradual prediction strategy in the last subsection.

Let xi denote the position of vertex i. Then, the barycen-
tric prediction is given by

x̂B
i = ui

.= 1

|Ni |
∑

l∈Ni

xl , (13)

where Ni denotes the index set of vertices that are adjacent
to vertex i, and |Ni | denotes the valence of vertex i or the
number of elements in Ni . In other words, ui is defined as
the average position of the 1-ring vertices that are adjacent
to vertex i. The barycentric prediction often provides poor
results on curved surfaces.

On the other hand, the dual-ring prediction is effective
for curved surfaces as well as planar surfaces. We define a

cost function given by

C(x̂i ) = ‖x̂i − ui‖2 + αi

∑

l∈Ni

‖xl − ul‖2. (14)

Note that xl should be similar to the average position ul of
its 1-ring vertices. When computing the average ul in (14),
the predicted position x̂i is employed. In other words, the
cost function C(x̂i ) indicates that x̂i should be similar to
the barycentric prediction ui and that, when it is used to
compute the barycentric prediction ul , the prediction error
‖xl − ul‖ should be small as well.

By minimizing the cost function in (14), we can derive
the dual-ring prediction given by

x̂D
i = arg min

x̂i

C(x̂i )

= 1

w

(
ui + αi

∑

l∈Ni

1

|Nl |2
(

|Nl |xl −
∑

k∈Nl,k 
=i

xk

))
, (15)

where w = 1 + αi

∑
l∈Ni

1
|Nl |2 . We have two terms in (15).

The first term ui is the prediction from the primary ring,
while the second term

∑
l∈Ni

1
|Nl |2 (|Nl |xl −∑

k∈Nl,k 
=i xk) is
from the secondary ring. The primary ring prediction is the
conventional barycentric prediction of vertex i, and the sec-
ondary ring prediction is derived from the barycentric pre-
diction of the adjacent vertices.

In (14) and (15), the parameter αi controls the relative
importance of the secondary ring prediction in comparison
with the primary prediction. At each refinement layer, we
have three groups according to our gradual prediction label-
ing algorithm. We use different α1, α2, and α3 for groups ‘1,’
‘2,’ and ‘3,’ respectively. Notice that the accuracy of the sec-
ondary ring prediction depends on the number of neighbor-
ing vertices. We have more unknown neighboring positions
for a vertex with label ‘1’ than for a vertex with label ‘2’
or ‘3.’ Therefore, the secondary ring prediction for ‘1’ ver-
tices is less accurate than that for ‘2’ and ‘3’ vertices, and α1

should be lower than α2 and α3. In this work, α1, α2, and α3

are experimentally set to 1, 1.3, and 1.7, respectively.

4.3 Local coordinate system

For efficient compression of geometry residuals, we employ
the local coordinate system [3]. In Fig. 10, let x̂t respectively
denote the estimated position of a target vertex t . The normal
vector nt of the local coordinate system is defined as

nt = n1 + n2

‖n1 + n2‖2
, (16)

where n1 and n2 are normal vectors of triangles, �x1x4x2

and �x1x2x3, respectively. Also, the tangent vector h1 is
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Fig. 10 Local coordinate system

defined as

h1 = x2 − x1

‖x2 − x1‖2
. (17)

Then, we define the other tangent vector h2 as the cross
product of nt and h1:

h2 = nt × h1. (18)

With the new coordinate system, we represent the target ver-
tex position xt predictively as

xt = ψ0nt + ψ1h1 + ψ2h2 + x̂t , (19)

where ψ0, ψ1, and ψ2 are xt · nt , xt · h1, and xt · h2, respec-
tively.

4.4 Entropy coding

Similarly to [2], we employ a bit-plane coder to encode the
residual vectors (ψ0,ψ1,ψ2). First, we represent the predic-
tion residuals with bit-planes, and encode the data from the
most significant bit-plane to the least significant bit-plane.
We encode the bit-planes using the context-based arithmetic
coder [21]. We use four contexts: c0

m, c1
m, and c2

m for the
magnitude and cs for the sign of the residuals. For each
residual coordinate, c0

m is used for encoding the magnitude
bits until the most significant ‘1’ bit is encoded or a neigh-
boring vertex encodes the most significant ‘1’ bit. After the
neighboring vertex encodes the most significant ‘1’ bit, the
magnitude bits are encoded with context c1

m. Also, after the
most significant ‘1’ bit is encoded, the corresponding sign
bit is encoded using the sign context cs and the remaining
bits for the residual are encoded using context c2

m.

5 Experimental results

We compare the performance of the proposed algorithm
with those of four conventional algorithms: the AD coder [3],
the wavemesh coder [27], the AAD coder [1], and the RDO

coder [15]. The performances of these conventional algo-
rithms are evaluated using the codecs, provided by the re-
spective authors. Notice that the wavemesh, AAD, and RDO
coders provide the state-of-the-art performance. Figure 11
shows various 3D mesh models which are employed in the
tests. We measure the bit rate in terms of bits per vertex
(bpv) and the distortion in terms of root mean square (RMS)
error. We use the MESH tool [5] to compute RMS errors.
In all tests, the x, y, and z coordinates of each vertex are
pre-quantized using 12 bits, respectively, before the encod-
ing.

Figure 12 shows the rate-distortion (R-D) curves of the
AD coder, the wavemesh coder, the AAD coder, the RDO
coder, and the proposed algorithm on 3D mesh models
“Horse,” “Rabbit,” “Mannequin,” “Hand,” “Nefertiti,” and
“Tiger.” To obtain these R-D curves, for each model, we pro-
gressively decode a single bit stream at different bit rates.
Specifically, we truncate the bit stream at each refinement
layer and measure the bit rates and the RMS errors of inter-
mediate meshes. We see that the proposed algorithm pro-
vides better rate-distortion performance than the conven-
tional algorithms on most models. Especially, the proposed
algorithm provides better performance at all bit rates on the
“Mannequin,” “Nefertiti,” and “Tiger” models, which have
more regular structures than the other models. This is be-
cause the MOG-based arithmetic coding and the hierarchi-
cal skipping for connectivity coding become more efficient
on more regular meshes. Similarly, for geometry coding, the
gradual prediction labeling and the dual-ring prediction also
exploit the regularity of mesh surfaces and hence yield bet-
ter performance on more regular meshes. On the other hand,
on the “Horse” model, the proposed algorithm provides in-
ferior performance to the AAD coder and the RDO coder.
Note that the proposed algorithm is based on the wavemesh
simplification, whereas the AAD coder and the RDO coder
are based on the AD simplification [3]. On the “Horse”
model, the AD simplification provides more faithful inter-
mediate meshes than the wavemesh simplification. There-
fore, even though the proposed algorithm improves the per-
formance of the wavemesh significantly, it is less efficient
than the AAD coder and the RDO coder on the “Horse”
model. However, on average, the proposed algorithm pro-
vides better R-D performance than all the conventional al-
gorithms.

Figure 13 illustrates the progressive reconstruction of the
“Mannequin” model. We see that the proposed algorithm
provides higher quality intermediate meshes than the RDO
coder. For example, the proposed algorithm at 4.3 bpv pro-
vides a visually more pleasing mesh than the RDO coder at
4.8 bpv and even at 9.44 bpv. Also, in terms of the objective
quality metric, the proposed algorithm yields the RMS error
of about 0.02 at 4.3 bpv, whereas the RDO coder provides
the RMS error of about 0.03 at 9.44 bpv.
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Fig. 11 Test 3D meshes for compression performance comparison. The number of vertices for each model is also provided

Table 2 compares the bit rates of the proposed algorithm
with those of the conventional algorithms. The proposed
algorithm outperforms the wavemesh, the AAD coder, the
RDO coder with the average gains of about 16.9, 9.6, and
23.3 %, respectively. For example, on the “Nefertiti” model,
the proposed algorithm requires about 25.6 % less bit rate
than the wavemesh, about 13.0 % less bit rate than the AAD
coder, and also 50.8 % less bit rate than the RDO coder.
These gains are mainly due to the MOG-based Bayesian en-
tropy coding of connectivity data and the gradual predic-
tion of geometry data. We also compare the connectivity
bit rates and the geometry bit rates separately. On average,
to encode the connectivity data, the proposed algorithm re-
quires 2.5 bpv, whereas the wavemesh, the AAD coder, and

the RDO coder require 3.0, 3.3, and 4.1 bpv, respectively. In
other words, the proposed algorithm needs about 17, 24, and
39 % lower bit rates than the wavemesh, the AAD coder,
and the RDO coder, respectively. Also, to encode the ge-
ometry data, the proposed algorithm requires 11.0 bpv only,
while the wavemesh, the AAD coder, and the RDO coder re-
quire 13.2, 11.6, and 13.5 bpv, respectively. Also, notice that
the proposed algorithm outperforms the conventional algo-
rithms on almost every test model in terms of the connec-
tivity coding as well as the geometry coding. These simu-
lation results indicate that the proposed algorithm provides
the state-of-the-art mesh compression performance.

Table 3 compares the encoding and decoding times of
the proposed algorithm with those of the wavemesh, the
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Fig. 12 Comparison of the rate-distortion curves of the AD coder [3], the wavemesh coder [27], the AAD coder [1], the RDO coder [15], and the
proposed algorithm on 3D mesh models: (a) “Horse,” (b) “Rabbit,” (c) “Mannequin,” (d) “Hand,” (e) “Nefertiti,” and (f) “Tiger”

AAD coder, and the RDO coder. In this test, we choose large
meshes with more than 100,000 vertices. A computer with
an Intel Xeon 3.3 GHz processor is used in the test. Com-

pared with the wavemesh, the proposed algorithm takes a
1.8 times longer encoding time and a 2.7 times longer de-
coding time on average. Compared with AAD, the proposed
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Fig. 13 The “Mannequin”
model is progressively
reconstructed by (a) the RDO
coder [15] and (b) the proposed
algorithm. For each model, the
rate (R) in bpv and the distortion
(D) in terms of RMS error are
also provided

Table 2 Comparison of the bit rates (bpv) for the connectivity data
(C), the geometry data (G), and the sum (T). WM, AAD, and RDO
stand for the wavemesh coder [27], the AAD coder [1], and the RDO

coder [15], respectively. The gains (a)&(d), (b)&(d), and (c)&(d) are
defined as (a)−(d)

(a)
×100, (b)−(d)

(b)
×100, and (c)−(d)

(c)
×100, respectively

Model WM AAD RDO Proposed Gain

T(a) C G T(b) C G T(c) C G T(d) C G (a)&(d) (b)&(d) (c)&(d)

Neptune 12.2 3.5 8.7 10.5 3.7 6.8 12.4 4.5 7.9 9.7 3.1 6.6 20.4 7.4 21.3

Ramesses 12.6 3.9 8.7 11.1 3.9 7.2 12.3 4.6 7.7 10.5 3.3 7.2 17.2 5.5 15.4

Eros 9.3 1.7 7.6 10.0 2.8 7.2 11.9 3.7 8.2 7.6 1.4 6.2 18.5 24.7 36.4

China Dragon 10.2 2.0 8.2 10.7 3.0 7.7 12.4 3.8 8.6 8.4 1.6 6.8 18.2 22.1 32.5

Tiger 18.1 0.4 17.7 14.9 1.6 13.3 21.8 2.0 19.8 12.6 0.3 12.3 30.0 15.0 42.0

Nefertiti 12.2 0.9 11.3 10.4 1.1 9.3 18.4 1.5 16.9 9.1 0.6 8.5 25.6 13.0 50.8

Fandisk 18.3 2.6 15.7 18.9 3.2 15.7 22.5 4.1 18.4 18.0 2.0 16.0 1.4 5.0 20.0

Venus 26.7 5.0 21.7 22.7 4.0 18.7 24.6 4.8 19.8 23.6 4.5 19.1 11.6 −4.0 3.9

Mannequin 14.5 0.7 13.8 15.0 2.8 12.2 19.0 3.6 15.4 8.4 0.6 7.8 41.6 43.7 55.6

Dinosaur 21.6 4.0 17.6 19.9 3.9 16.0 21.8 4.6 17.2 19.6 3.7 15.9 9.1 1.6 10.2

Horse 19.8 3.9 15.9 16.9 3.8 13.1 19.6 4.6 15.0 15.6 3.2 12.4 20.8 7.4 20.2

Max Planck 20.9 3.9 17.0 17.4 3.8 13.6 20.0 4.7 15.3 16.8 3.4 13.4 19.3 3.2 15.7

Bunny 16.3 2.8 13.5 16.8 3.3 13.5 19.0 4.2 14.8 15.1 2.1 13.0 7.2 10.3 20.3

Feline 19.2 4.1 15.1 16.6 3.9 12.7 18.4 4.6 13.8 16.1 3.6 12.5 16.0 2.7 12.2

Rabbit 15.6 3.3 12.3 14.4 3.6 10.8 16.8 4.4 12.4 13.2 2.6 10.6 15.4 8.1 21.6

Iris 15.6 3.7 11.9 13.6 3.7 9.9 15.2 4.5 10.7 12.8 3.1 9.7 17.8 5.4 15.5

Fertility 14.3 3.3 11.0 13.2 3.6 9.6 14.7 4.4 10.3 12.5 2.8 9.7 12.4 5.4 14.6

Armadillo 14.3 3.4 10.9 13.9 3.7 10.2 15.8 4.4 11.4 12.5 2.4 10.1 12.7 10.7 21.4

Balljoint 16.6 3.5 13.1 15.0 3.7 11.3 16.6 4.5 12.1 14.0 2.8 11.2 15.8 7.0 15.7

Screwdriver 15.8 3.2 12.6 15.2 3.6 11.6 17.6 4.4 13.2 13.7 2.4 11.3 13.2 10.2 22.5

Hand 16.7 3.0 13.7 15.8 3.4 12.4 18.2 4.3 13.9 13.2 1.9 11.3 21.0 16.6 27.7

Average 16.2 3.0 13.2 14.9 3.3 11.6 17.6 4.1 13.5 13.5 2.5 11.0 16.9 9.6 23.3
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Table 3 Comparison of the running times for encoding (E) and de-
coding (D) in seconds. WM, AAD, and RDO stand for the wavemesh
coder [27], the AAD coder [1], and the RDO coder [15], respectively

Model WM AAD RDO Proposed

E D E D E D E D

Neptune 18.2 4.5 33.4 20.6 17.7 17.1 32.9 12.5

Ramesses 32.8 8.3 71.1 50.3 28.5 27.2 61.2 23.3

Fertility 9.3 2.2 12.6 6.7 7.9 8.2 16.1 5.8

Armadillo 5.9 1.6 8.4 4.4 5.7 7.1 10.7 4.1

Balljoint 3.8 1.0 4.5 2.3 3.9 4.2 6.8 2.6

Average 14.0 3.5 26.0 16.9 12.7 12.8 25.5 9.7

algorithm yields a comparable encoding time and a faster
decoding time. Compared with RDO, the proposed algo-
rithm has a slower encoding speed but a faster decoding
speed.

6 Conclusions

We proposed a progressive 3D mesh compression algo-
rithm, which significantly improves the performance of the
conventional wavemesh algorithm [27]. We developed the
MOG-based Bayesian entropy coding for connectivity data,
and the gradual prediction labeling with the dual-ring pre-
diction for geometry data. Simulation results demonstrated
that the proposed algorithm requires about 16.9 % less bit
rate than the wavemesh, about 9.6 % less bit rate than the
AAD coder [1], and about 23.3 % less bit rate than the RDO
coder [15].
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